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Thermodynamically consistent multi-phase-field model incorporating

passive external domains

Phase-field (PF) modeling of multiphase and multicomponent material processes
where material phases and their external domains coexist, such as sintering, lacks
a thermodynamically consistent formulation. To address this issue, this paper
introduces a novel multi-phase-field (MPF) model with passive external domain
(PED), which is defined as an external region that remains inert and does not
contribute to microstructural evolution in the material system. An additional
variable associated with concentration fields is incorporated to distinguish
between the material and PED without thermodynamic inconsistencies. The
model is validated through 2D single-phase simulations, which highlight its
ability to capture surface triple junction behavior, consistent with Young’s
equation. Its capability is further demonstrated through 3D simulations of a three-
phase, ternary system coexisting with a PED. These simulations correctly predict
the evolution of the system toward thermodynamic equilibrium, including phase
transformations and solute partitioning. Overall, the MPF-PED model provides a
robust and physically consistent framework, overcoming the limitations of
conventional models in handling external domain to facilitate the realistic

simulation of complex material processes.

Keywords: Phase-field modeling, Microstructure, Multicomponent, Diffusion,
CALPHAD

1: Introduction

The phase-field (PF) method is a powerful numerical technique for simulating the
evolution of complex microstructures, particularly those involving moving interfaces.
As this method is fundamentally based on minimizing the total free energy of a system,
it provides a unified framework for analyzing various physical phenomena.
Consequently, the PF method has been widely applied to predict microstructural
evolution in diverse materials, leading to the development of numerous PF models and

applications. A significant advantage of the PF method is its ability to couple



thermodynamically consistently with concentration fields [1], which is crucial for
materials design. Integration with the Calculation of Phase Diagrams (CALPHAD)
method [2] further enables the prediction of microstructure evolution in realistic
multiphase and multicomponent systems.

However, applying PF simulations to practical materials design often requires
accounting for an external domain, such as a vacuum or gas phase outside the material
itself. This consideration is essential in processes such as sintering [3, 4], additive
manufacturing [5-7], physical vapor deposition [8, 9], and electromigration [10-12]. In
simple systems—particularly those involving a single-phase, for which analyzing
concentration fields is intrinsically superfluous—a density field [3-5] or concentration
field (virtual, in some cases) [13-16] is typically used to distinguish the material
domain from the exterior. The variable representing these fields is usually treated as a
conserved quantity and solved using the Cahn—Hilliard equation [17], ensuring mass
conservation of the material. However, for multiphase—multicomponent systems, this
problem remains unresolved owing to critical theoretical and computational limitations.

This study focuses on external domains that remain inert and do not contribute
to microstructural evolution in the material system, referring to such domains as passive
external domains (PEDs). Conventional methodologies for incorporating PED in
multiphase—multicomponent systems can be broadly categorized into two approaches:
(i) Treating the external domain as a gas phase [18-21]: This approach is conceptually
sound but practically flawed. It often relies on virtual Gibbs energies owing to the lack
of CALPHAD databases, necessitating physically arbitrary adjustments to match
established phase diagrams under varying process conditions. Furthermore, the
significant disparity in properties (e.g., molar volume and diffusivity) between gas and

condensed phases frequently leads to computational instability. (ii) Treating the external



domain as a vacuum [22]: While this approach avoids gas-phase complexities, it fails to
provide a thermodynamically consistent framework for concentration fields because a
vacuum is inherently immiscible with material phases and concentration undefined
within it. Moreover, in conventional PF frameworks, the material-vacuum interface
would need to be treated as if it were in equilibrium, a notion that is physically
meaningless. Therefore, if the external domain of the material plays no significant role
in the overall state change of the system and can be treated as a PED, its exclusion from
the calculation is a reasonable and numerically robust approach.

To overcome these challenges, this paper introduces a novel PF model capable
of thermodynamically consistent treatment of PED. The core strategy involves
introducing a new variable field that defines the domain where concentration fields are
valid as independent variables. A pivotal advantage of this formulation is that the Gibbs
energy of the PED is fundamentally excluded from the theoretical framework, thereby
eliminating the need for nonphysical parameters while maintaining thermodynamic
consistency at the interface. As the proposed model builds on the multi-phase-field
(MPF) method [23, 24], it is termed the multi-phase-field with PED (MPF-PED) model.

The MPF model is a promising approach for simulating polycrystalline
phenomena such as grain growth [25-27], and various related methodologies have been
established for analyzing the evolution of microstructure and concentration in
multiphase—multicomponent systems [28—31]. Recent advancements have extended this
capability to systems containing more than 20 components [32, 33]. Another significant
benefit is the availability of well-developed algorithms for computational efficiency
[34], enabling large-scale simulations within acceptable timescales [35, 36]. Building
upon this framework, the MPF-PED model inherits these advantages while addressing

the critical limitation associated with external domains.



This paper first presents the formulation of the MPF-PED model. The model is
validated by examining the morphological and concentration evolution at the interface
between a material phase and a PED in two dimensional (2D) single-phase simulations.
Subsequently, the capability of the MPF-PED model is demonstrated through a three-
dimensional (3D) simulation of polycrystalline grain growth in a three-phase, ternary
system coexisting with PEDs. The MPF-PED model represents the first approach to
overcome the limitations imposed by PEDs in PF simulations in a physical consistent

manner.

2: Model description

2.1. MPF-PED model

A microstructure including a PED is represented by two types of PF variables [37, 38]:
pand ¢, (=1, 2, ... N). Figure 1 illustrates the profiles of these variables for a system
containing two material phases and PEDs. The variable p distinguishes between the
material domain (p = 1) and PED (p = 0), whereas ¢, represents the probability of
existence of solid or liquid phases. Although ¢, is intrinsically undefined within the
PED, the present model assumes that the PED retains ¢, the value corresponding to the
nearest material phase. Therefore, at the surface region, p changes smoothly from 0 to
1, whereas ¢, remains constant. Conversely, in the internal interface regions (i.e., grain
and phase boundaries) of the material, p = 1 and ¢, transition smoothly. Hence, the
domain of the ath phase is represented by the product pd,. Additionally, ¢'(i=1, 2, ...

N.) denotes the molar fraction field variable of substitutional components. Both o and ¢



are conserved variables, whereas ¢, is a non-conserved variable. ¢, and c' satisfy the
following constraints:

N
Do, =1, ®

a=1

and

Ne

z ¢ =1. )

i=1
The molar fraction c' is defined as

N
= bych ©
a=1

where ¢!, represents the local molar fraction of the ith component in the ath phase. To
describe the concentration within the material domain, an effective concentration

variable, & is defined as

¢ = pc. 4)
From Egs. (2) and (4), the following relationship holds for & and p:

Ne

P Z &, (5)
i=1

The physical interpretation of &' can be clarified using the definitions of p and c'. Let ng
represent the total number of moles within a reference volume when it is fully occupied
by a material, and n represent the actual total number of moles locally present within the
same volume. Using ny and n, the variable p can be expressed as p = n / no, indicating
the probability of existence of the material. The local molar fraction c' is defined as c' =
n' / n, where n' is the number of moles of the ith component within the reference
volume. Consequently, & = ,oci represents n' normalized by the reference molar density
(no). This formulation ensures that &’ correctly becomes zero in the PED (where n = 0),

circumventing the physical ambiguity of defining c' where no material exists.



The total free energy of the system, G, is defined as

6= | [F, +P0)Fy + 0Fgn] 4V ©)

where f, and f, are the energy densities related to the distributions of p and ¢,
respectively; and fchem IS the chemical free energy density. The interpolation function
P(p) is defined as P(p) = p*(3 — 2p). Detailed justification for this selection is provided
in Supplementary Material S1. The energy density f, is defined as the sum of the
double-well potential and gradient energy density for p:

£, =W (L= p)* +L17pl" ©
where W, and «, denote the height of the energy barrier and gradient coefficient,
respectively. Although the surface energy oy can be expressed as a function of ¢, to
account for phase-dependent energies [39], it is assumed constant in this study for
simplicity, independent of the material phase. Accordingly, W, = 1205 / 6, and x, =
3030, | 2, where 6, is the thickness of the surface region [37]. The energy densities fy

and fehem adopt the forms commonly used in the MPF model:

N N
Fo= > Y (Was,8, L0, V9,), ®)
a=1f=a+1
and '
N
fchem = z (’bafa (9)
a=1

where W,z and &,5 denote the height of the double-obstacle potential and gradient
coefficient at the interface between the ath and bth phases, respectively. These are
defined as W,z = 40,5/ 55 and &,5 = 860,51 7%, where &,is the width of the internal
interface region and o, is the interfacial energy between the oth and gth phases. f,
denotes the chemical free energy density of the ath phase, typically obtained from a

CALPHAD database.



The evolution of p is directly coupled to that of &. Its time evolution equation is

obtained via the time derivative of Eq. (5):

0 d[< & oc
p_0(N )\
ot at Zl:c Lot (10)

Therefore, in the proposed MPF-PED model, the evolution of p is solved implicitly: It
is determined from the time evolution of & for i = 1 to N.. The time evolution equation

of & is expressed using the following diffusion equation:

oct 5G

? _v. (M v—.), (11)
_ at )

where M' is the diffusion mobility of the ith component. To account for different

diffusion pathways, M' is defined as

M' = M, + M. + M, (12)
where M., M., and M,,,. are the volume diffusion, surface diffusion, and internal

interfacial diffusion mobilities, respectively. Expressing each mobility as a function of
the variables p and ¢,, bulk, surface, and interface locations and the phase types with
their respective mobilities [40-43].

Q(p)Zcp M +16p7(1 —p)Zqu M+ 4p? ZZMWW (13)

y>B

where MZ,}v is the volume diffusion mobility in the ath phase, which can be determined
using the atomic mobility data in the CALPHAD database [44]; MZ,S denotes the
surface diffusion mobility in the ath phase; and M"ﬁy is the diffusion mobility at the
internal interface between the pth and »h phases. Q(p) is the interpolation function
introduced to ensure numerical stability. In this study, Q(p) is defined as Q(p) = p3(10 -
15p + 6,°) as in the previous studies [3,5,40,41]. The weighting coefficients for surface
and internal interfacial diffusion mobilities are normalized to achieve unity at the center

of the surface region (p=0.5) and at the centers of the internal interface region
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(¢p= ¢,=0.5), respectively. Note that M., =0 when p =0, which ensures that the mass
flux is zero in the PED. This definition of mobility allows for a slight residual p in the
wake of the interface migration. The preliminary study confirms that this residue is less
than 1% of the value within the material phase. Since diffusion is suppressed in this
low-p region, the impact of this artifact on mass transport and mass conservation is
negligible in most cases. However, we cannot rule out the possibility that this artifact
may affect simulation results, particularly in scenarios involving extensive interface
migration or when the interface width is set larger than conventional choices. Under
such conditions, the incorporation of an additional term, such as an anti-trapping current
[45], would be required. Considering that the third term on the right-hand side of Eq.

(13) and that the relation > ¢, = 1 holds, Eq. (11) can be rewritten as follows:

- N
oct . 0G
% _y. Z ( i —.), 14
ot PoMaV 5¢ (14)
a=1
with
N N
Ml = M, Q(p) + 16Miyp?(1 = p)? + 407 > > Mp ¢, (15)
B v>B

In the MPF-PED model, the local equilibrium condition (i.e., the parallel tangent

law) is assumed at the interface. If c];c can be treated as a dependent variable, the

following condition of equal diffusion potentials holds [1]:
afa _ afﬁ _ _ afN
dct, ach,  ack
However, this condition is not applicable to Eq. (11), as it independently solves for N¢

i

p (i<N.-1), (16)

concentrations. The functional derivative of the total free energy with respect to & is

given by (see Supplementary Material S2 for derivation)



6G (afp v of, >+6P(p)f
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s \dp  a(Vp))  dp
N N, . N, N, N
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al\’a — 9c. oct ~ £ ac. dc
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The third term on the right-hand side of Eq. (17) reduces to the chemical potential of the

(17)

ith component. The partial derivative dci, / o¢' can be derived analytically, as detailed in
the Supplementary Material S3. In the MPF-PED model, the time evolution is solved
for all N. effective concentration variables scaled by p. Simultaneously, their sum—p
itself—is driven toward 0 or 1 by a double-well potential acting as a soft constraint.
Consequently, the correlations among all components are inherently incorporated
through Eq. (11).

The time evolution of ¢, is described by [23, 24]

Nigcal

) -
a 2 Nlocal P(p) Z {(Way \ Wﬁ}’)d)y + E (8121}’ - Si’}/)vzd)y}
% - _Nl 1 Z Mi)ﬂ ﬁ=18 N.-1 ’ (18)
oca =1 oy i
+Ep ;(Paqﬁﬁ{fa _f[; + ; u (Ca - Cﬁ)}

where Niocar IS the local number of phases with ¢, > 0. Mﬁﬂ is the PF mobility, defined
as Mﬁﬁ: (7185;) Mg Where M, is the internal interfacial mobility between the ath

and Sth phases. For solving this equation, cﬁc can be treated as a dependent variable.
The change in ¢, over one time step, Ac),, is calculated using the recently
proposed direct CALPHAD coupling approach [32, 33]. By defining o’ and ¢, as the

values after one time step, the following relationship holds based on Egs. (3) and (4):

N N
'DZ bs cfg +AT =p Z qb;; (cfg + kgaAch), (19)
B B

where kg is the ratio between Aci, and Ac, given by [32, 33]

10
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dcy  dcy Ca a(ck)?
kge = 62 (20)
N, — 1)Ac,
Substituting Eqg. (20) into Eq. (19) yields the foIIowmg equation for the material domain
(0>0):

s o (Of, Of fo . .

. —-P Zg¢ﬁ<a];§— B)/( c_l)a( )2+AE —Zg(Pdﬁg—Pd’g)Cfg
Acl, = (21)

Il by (a(f az/ a(cf 3?2 )
Then, Eq. (21) is solved for Ac’, (i < N; — 1). The dependent concentration change, Ac],;]”,
is determined from the constraint in Eq. (2). By .adopting this approach, the
concentration change satisfying the equal diffusion potential condition is obtained
without iterative calculations, allowing solute partitioning occurs at interface between
material phases. It should be noted that, at the surface described in the MPF-PED

model, only p changes while ¢, remains constant. Consequently, Ac, becomes zero;

therefore, solute partitioning at the surface does not occur in principle.

2.2. Numerical Implementation

Two numerical techniques were used to ensure stable simulations. The first method was
aimed at preventing numerical overshooting/undershooting of p. Although p is defined
in the range of 0 to 1, p can overshoot or undershoot the defined range due to various
numerical factors. A representative example arises from the relationship between p and
&' strong Gibbs-Thomson effects may cause numerical artifacts resulting in p > 1.

While logarithmic or double-obstacle potentials could be employed to impose stricter

constraints and prevent such bound violations, they are prone to causing numerical

11



instability when solving the Cahn—Hilliard equation. Therefore, to mitigate this issue, a
conditional outer penalty was applied via the double-well potential coefficient in Eq.
(7). While the coefficient retains the value W, when 0 < p < 1, it is typically set to a
sufficiently large value in the numerical artifact region where p < 0 and p > 1. As this
outer penalty term does not correspond to a physical material property, its magnitude
can be chosen relatively freely as long as it fulfills the necessary requirements—namely,
effectively suppressing bound violations without inducing numerical instability. In this
study, the outer penalty coefficient ;" was set as W, = 100W,, through a-preliminary
examination (see Supplementary Material S4).

The second method was designed to suitably handle the PF variables, ¢,, within
the surface region. In the MPF-PED model, ¢, lacks physical meaning in the PED.
Therefore, values of ¢, from the PED must be excluded when calculating their spatial
derivatives. As the equilibrium profile of p at the surface follows a hyperbolic tangent
function in practice, ¢, values were considered invalid in regions where p falls below a
small threshold & Therefore, the zero Neumann boundary condition was applied to each
¢, at the boundary defined by p = & Based on preliminary investigations, & was set as
0.0001. Notably, this boundary condition is consistent with the assumption that the PED
inherits the phase state of the adjacent material, which implies a vanishing spatial
derivative of ¢, across the threshold &. For spatial points where p increases and exceeds
the threshold ¢ due to interface migration, the values of ¢, are initialized. Specifically,
¢, at such points is determined by averaging the values from the immediate
neighborhood where p > & A normalization step is then applied to these points to
ensure > ¢, = 1. Consequently, the summation constraint of Eq. (1) is strictly satisfied

throughout the effective calculation domain.
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The time evolution equations for ¢, and &’ were discretized using the finite
difference method (FDM). The first-order Euler FDM was used for time integration,

and the second-order central FDM was used for spatial discretization.

3: Simulation conditions

To validate the MPF-PED model, simulations were performed on a hypothetical ternary
material system composed of elements A, B, and C. The chemical free energy density f,,

for each phase was defined using the regular solution approximation:

N, Nc N
f,.= v Z[CQOG; + RT(clInc)] + z Z ¢y cpQ’ (22)
M\ =1 i=1 j>i

where Vp, is the molar volume, R is the gas constant, T is the absolute temperature, °G’,
is the molar Gibbs energy of the ith solute component in the ath phase, and Q" denotes
the interaction parameters between the ith and jth components. The hypothetical system
was designed to have three stable phases (X, Y, and Z) arranged symmetrically in the
phase diagram at 1273 K (Figure 2). The equilibrium compositions of phases X, Y, and
Z corresponded to molar fractions [A, B, C] of [0.8, 0.1, 0.1], [0.1, 0.8, 0.1], and [0.1,
0.1, 0.8], respectively. These compositions were obtained by setting the molar Gibbs
energies to.°G’, = 3595.28 x (-1)5"“ Jimol, where &, is the Kronecker delta, and the
interaction parameters to Q' = 21170 J/mol (for i # ).

The simulation parameters are summarized in Table 1, expressed in non-
dimensional forms normalized by the finite-difference grid size Al, internal interfacial
mobility M., and energy density, RT/Vy. The molar volume was assumed to be
uniform for all phases, with a value of V,, =5 x 10°° m*mol. The simulations were

conducted under isothermal conditions at 1273 K.
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4: Results and Discussion

4.1. Model validation

In the MPF-PED model, the material surface is represented by the variable p, a feature
absent in conventional MPF models. Therefore, validation of the morphological and
concentration evolution at surfaces is required. In particular, the dihedral angle at the
triple junctions formed by the surface and an internal interface serves as a benchmark
[46]; agreement with Young’s equation demonstrates the model’s consistency with
analytical solutions for interfacial energy balance. Notably, if the entire computational
domain remains constant at p = 1, the MPF-PED model becomes equivalent to the
conventional MPF model. Therefore, validation of the microstructural evolution within
the bulk material was omitted, as the model inherently reproduces the conventional
MPF behavior. Instead, 2D simulations of a single-phase system were conducted for
quantitative verification.

Figure 3(a) shows the initial conditions for the simulations. Within the
computational domain of 256 x 128 computational grids, two circular grains of phase X
were placed adjacent to each other. Here, to describe the distributions of phases and

interfaces, a field parameter @ was defined for visualization:

N
® = (09,7, (23)

a=1
Regions with ® = 0 denote PEDs; those with ® =1 denote the grain interiors; and those
with 0 < @ < 1 denote the interfaces. The interior of each grain initially possessed the
equilibrium concentration. Using these initial conditions, simulations were performed

for 2 x 10° computational steps while varying the ratio of surface energy to grain
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boundary energy, os / oxx, from 0.2 to 4.0. According to Young’s relation, if oy / oxx <
0.5, the grain boundary should be completely wetted by the PED. Therefore, the
condition os / oxx = 0.2 was simulated to confirm that the initially contacted grains are
correctly separated due to the energetic drive for wetting, consistent with the theoretical
prediction. Figure 3(b) presents the results obtained for oz / oxx = 1.0. The contact area
(neck) between the grains grew over time, driven by the balance of interfacial energies
at the triple junction. Figure 3(c) shows the profiles of p and & along the white dashed
line indicated in Figure 3(b). As expected for a system evolving from an equilibrium
state, the material within the grown neck maintained the equilibrium concentration of
phase X. Figure 3(d) illustrates the resulting triple junction morphologies and dihedral
angles obtained from simulations with seven different o / oxx ratios: 0.2, 0.75, 1.0, 1.5,
2.0, 3.0, and 4.0. The dihedral angle 6, defined as the angle between the two surfaces,

was evaluated using the surface normal vectors near the triple junction:

(24)

< (vp)left ’ (Vp)right )
0 = m — arccos

| (Vp)leftl | (Vp)rightl
where the (Vp)ierr and (V0)right represent the spatial gradients of p at the left and right

vicinities of the triple junction, respectively. In this study, the vectors (Vp)er and
(Vp)ignt Were programmatically defined and calculated as follows. Focusing on the
upper triple junction in the two-particle model, the calculation for the right side was
performed first. In the right half of the computational domain (x > 129Al), a reference
grid point was identified by finding the location that satisfies Y (¢4,)* < 0.6 and p > 0.5,
specifically selecting the point where p is closest to 0.5. Based on this reference point,
the spatial gradient Vp was calculated at each grid point within a 3 x 3 region extending
in the upper-right direction, and their average was taken. To obtain the gradient for the

left side, the same operation was applied symmetrically in a mirrored manner to the left

15



half of the domain. Finally, these averaged spatial gradients were assigned to (V)i
and (Vp)igne in Eq. (24). These numerical solutions and the analytical solutions
calculated using Young’s equation exhibited close agreement for 0.75 <o; / oxx < 4.0.
In the case of oz / oxx = 0.2, the two phase-X grains that were initially in contact
separated over time. These results demonstrate that the MPF-PED model can accurately

analyze the evolution of interfacial triple junctions satisfying the interfacial energy

balance.

4.2. Multiphase and multicomponent grain growth with PEDs

A key feature of the MPF-PED model is its ability to simulate microstructure evolution
in systems where multiple phases coexist with PEDs, without defining the Gibbs free
energy for the PED. To validate that the predicted phase transformations and
concentration evolution are consistent with the phase diagram under these conditions, a
3D simulation of grain growth was performed, involving the coexistence of three
material phases (X, Y, and Z) and a PED. Spherical grains of these phases were
randomly distributed within a computational domain of (128Al)® grids under periodic
boundary conditions. The grain radii for phases X, Y, and Z were set as 20Al, 15Al, and
10Al, respectively, and the corresponding numbers of grains were 12, 28, and 96. These
values were chosen to ensure that the initial volumes of all phases were nearly identical.
The total volume of the initial grains occupied 60% of the computational domain. The
interfacial energy ratio was set as oz / o, = 2.0. Two simulation cases were designed,
with different initial phase compositions. In Case 1, all phases initially possessed their

equilibrium compositions (Figure 2). In Case 2, phase X was set to a non-equilibrium
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state with (¢*, &, ) = (0.6, 0.2, 0.2), whereas phases Y and Z remained in
equilibrium,

Figure 4(a) show snapshots of the morphological evolution for Case 1. As
discussed in the previous section, the grain shapes evolved, and the initial necks
between grains grew, driven by interfacial energy. Additionally, grain boundary
migration driven by the interface curvature was observed between grains of the same
phase, resulting in changes in individual grain sizes, although this effect was not
prominent in this simulation. As all phases were initially in equilibrium, no driving
force for phase transformation acted at the phase interfaces. Therefore, the volume of
each phase was expected to remain constant. To quantitatively verify this, the evolution
of phase volume fractions was evaluated. Figure 5(a) shows the temporal variation of
these volume fractions. Dashed lines in the figure indicate the equilibrium phase volume
fractions calculated using the CALPHAD method based on the overall composition.
Although slight deviations from the theoretical values were observed due to the initial
adjustment driven by curvature effects and minor numerical errors in the initial
configuration, the simulated volume fractions remained constant and closely matched
the calculated equilibrium fractions. At 5 x 10°> computational steps, the relative errors
between the simulated volume fractions and the equilibrium values were 0.37%,
—0.03%, —0.04% for phases X, Y, and Z, respectively.

Figure 4(b) illustrates the morphological evolution for Case 2. The X phase,
initially in an unstable non-equilibrium state, decreased in volume over time.
Concurrently, the surrounding Y and Z phases grew. The evolution of the concentration
field ¢ within the material domain is depicted in Figure 4(c). The concentration &*
inside the X phase increased, approaching its equilibrium value. This concentration

change was attributable to solute partitioning at the interfaces between the X phase and
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other phases (Y and Z). By definition of the MPF-PED model, solute partitioning does
not occur at the interface with PED in principle. However, elevated concentrations were
observed at the surface of the X phase at 5 x 10° steps, attributable to rapid surface
diffusion relative to bulk diffusion. By 5 x 10° steps, the interior of the X phase had
approached its equilibrium concentration of &* = 0.8. It should be noted that the current
model assumes a constant surface energy o; and does not account for the Gibbs
adsorption effect, where surface energy varies with local concentration. While the
observed concentration accumulation at the surface is a kinetic result of rapid surface
diffusion rather than thermodynamic segregation, future extensions of the model would
be required to study systems where the composition-dependence of surface energy plays
a critical role.

Figure 5(b) shows the evolution of the phase volume fractions for Case 2.
Consistent with the morphological changes, the volume of the X phase decreased,
whereas those of the Y and Z phases increased. The convergence of the volume
fractions toward their equilibrium values by 5 x 10° steps is consistent with the
observation that the concentration within the X phase reached equilibrium. Similarly, at
5 x 10° computational steps, the relative errors were 1.25%, —0.27%, and —0.50%, for
phases X, Y, and Z, respectively.

These results demonstrate that the proposed MPF-PED model can accurately
analyze microstructural evolution in multiphase, multicomponent systems containing

PEDs, while maintaining thermodynamic consistency.
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5: Conclusions

This study proposed and validated a novel MPF-PED model designed to appropriately
treat PEDs in simulations of multiphase—multicomponent materials. The proposed
approach enables thermodynamically consistent analyses by introducing an additional
variable associated with the concentration fields into the conventional MPF framework,
thereby effectively distinguishing the material domain from the PED.

The model was first validated through 2D single-phase simulations, which
demonstrated that the MPF-PED model accurately captures the interfacial energy
balance at triple junctions involving the material surface, as well as the dynamics of
surface-involved grain growth. Furthermore, the model’s capability was verified
through 3D simulations of a complex three-phase, ternary system coexisting with a
PED. The results showed that the model successfully captures the evolution toward
thermodynamic equilibrium, accurately predicting both microstructural changes and
solute partitioning.

Despite its demonstrated capabilities, it should be noted that the current
formulation is presently restricted to handling substitutional elements. Future
development will be required to extend the framework to incorporate interstitial
elements.

Overall, the proposed MPF-PED model provides a physically consistent and
robust framework for analyzing systems with external domains, thereby overcoming a
critical limitation of conventional PF models. The MPF-PED model is therefore
expected to be applicable to microstructure analyses in various material processes, such
as sintering, additive manufacturing, and physical vapor deposition. As a specific
direction for future work, we plan to apply this model to the detailed analysis of

sintering phenomena, where the thermodynamically consistent treatment of evolving
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PED:s is critical. This represents a significant advancement toward the quantitative and

thermodynamically consistent simulation of these complex material processes.
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Surface Internal interface Surface

Figure 1. Profiles of PF variables p and ¢,, representing two phases and PEDs. The oth
material phase is represented by the product pg,.

(01,0.8,0.1)

0.0
A 00 01 02 03 04 05 06 07 08 09 10 B
Molar fraction of B

Figure 2. Calculated phase diagram of a hypothetical A-B—C ternary system at 1273 K,
used for model verification in this study.

Table 1 Nondimensionalized parameters used in PF simulations.

Parameters Values
Surface diffusion mobility, M, 0.1
Internal interfacial diffusion mobility, M"aﬁ 0.01

Volume diffusion mobility, M, 0.001
Internal interfacial mobility, Mz 1.0
Spacing of the finite-difference grid, Al 1.0
Thickness of the surface region, J, 4.0
Width of the internal interfacial region, J; 4.0
Time increment, At 0.1
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Figure 3. Validation of the MPF-PED model in a 2D single-phase system. (a) Initial
condition for the simulation: Two circular grains of phase X, possessing the equilibrium
concentration, are placed in contact. (b) Resulting state after 2 x 10° computational
steps for oz / oxx = 1.0, showing the formation-of a neck. (c) Profiles of p and & along
the white dashed line in (b). The dashed line represents the equilibrium concentration.
(d) Comparison of numerical and analytical solutions for dihedral angles. Numerical
solutions obtained from simulations with. oz / oxx ranging from 0.2 to 4.0, and
analytical solutions calculated using Young’s equation.
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Figure 4. Simulation results of 3D multiphase grain growth in a ternary system (phases
X, Y, and Z) coexisting with a PED. Snapshots of the morphological evolution for (a)
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Case 1 (equilibrium initial state) and (b) Case 2 (non-equilibrium initial state for phase
X). In (a) and (b), white regions indicate the internal interfaces. (c) Corresponding
evolution of the concentration field &* within the material domain for Case 2.
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Figure 5. Variation in phase volume fractions (X, Y, and Z) during 3D grain growth
simulations. (a) Results for Case 1 (equilibrium initial state). The area enclosed by the
dashed square is enlarged. (b) Results for Case 2 (non-equilibrium initial state). Dashed
lines represent the equilibrium phase volume fractions calculated using the CALPHAD
method based on the overall composition.
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Statements of Novelty

A novel multi-phase-field model enables thermodynamically consistent simulation of
multiphase and multicomponent material processes with vacuum by incorporating a

new variable to distinguish material and external domains.

I X phase

Y phase

I Z phase

§ 0.8
03, l
02 |
OJ/X B .
A OO 01 O,ZM%EIa?.-;r :é’ngz (;){BO.B 0.9 I.O B 0.0
CALPHAD
database

Grain growth simulation with vacuum domains

Graphical abstract

28



Supplementary Material

Thermodynamically consistent multi-phase-field model
incorporating passive external domains

Akimitsu Ishii®**, Yusuke Matsuoka®, Toshiyuki Koyama®

2 Research Center for Structural Materials, National Institute for Materials Science,

Tsukuba, Ibaraki 305-0047, Japan

*Corresponding author: E-mail address: ISHII.AKimitsu@nims.go.jp

S1. Selection of the interpolation function P(p)

To ensure the model functions correctly, the interpolation function P(p) is required to
continuous and monotonically increasing within the domain 0 < p <1, satisfying
boundary conditions P(0) = 0 and P(1) =1, and possessing point symmetry about p =
0.5. In phase-field modeling; the cubic function Ps(p) = p%(3 — 2p) and the quintic Ps(p)
= p%(10 — 15p + 6,°) are commonly employed to meet these criteria. The selection of a
specific function is governed by two factors: thermodynamic stability and interface
kinetics. First, regarding thermodynamics, the use of a linear function P(p) = pis
insufficient. As shown in Fig. S1, the summation of the double-well potential in Eq. (7)
and the double-obstacle potential in Eq. (8) results in a spurious local energy minimum
at p~ 0.97 at the internal interface (¢, = ¢z = 0.5) when P(p) = pis used. Therefore, a
polynomial interpolation function with vanishing derivatives at p = 0, 1 is necessary to
eliminate this artifact and maintain a monotonic energy landscape. Second, regarding
kinetics, the choice between P3(p) and Ps(p) influences the interface mobility. In the

time evolution equation for the phase-field variables ¢,, P(p) acts as a coefficient. In the
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region p < 0.5, the derivative of the quintic function is smaller than that of the cubic

function (dPs(p)/dp < dP3(p)/dp). Consequently, the use of Ps() results in a stronger

suppression of the interface migration velocity near the passive external domain (o= 0),

which can lead to numerical stagnation of the interface. Based on these considerations,

the cubic function P3(p) was adopted in the present model.

18—
1.6
1.4}
1.2
1.0

0.8}
0.6 I — P(p)=p _
0.4} — P()=Pyp) | ]
— P(p)=Ps(p)

fi)arrier

0.2

00 02 04 06 08 10
P

Figure S1. The barrier energy function fyarier, Which is sum of the double-well potential

in Eq. (7) and the double-obstacle potential in Eq. (8), plotted against p at the internal

interface condition (¢, = ¢ = 0.5). The parameters W, = 16 and W,z = 4 were used.

S2. Detailed derivation of Eq. (14)

The functional derivative of the total free energy G with respect to & is given by

&z %_ . afp +6(P('0) f¢)+a(pfchem)
sc' | act  a(ve) oc o0
| op f, v o(Vp) o, op aP(p)f {apf afchem}
“lad op | a(ve P ¢ t| 2ai Tehem +P—;
oc' op  a(ve')o(Vp) | o' ap ac ac

Equation (6) yields the following expressions:
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oc' (S26)
and
o(Ve) _,
o(ve') (S27)
Therefore, Eq. (S25) can be rewritten as
of of P
5—6_': P _vVv. P +a (,0) f¢+|:fchem+paf0hem:|-
s¢ | op a(Vp)) op oc! (S28)
The last term on the right-hand side of Eq. (S28) can be transformed into
chem — =p - Cj af
P e Z¢“ ac’ ; Z(T' acl (S29)
Here, ocl, | 8¢' is expressed as follows:
acg_i@%_iac; o (¢
oc' 4o ack ek o p
:iac PS; _1i ocl . ack
—ac | p? p oK™ ack (S30)
N
1(0 2 CJ K
= —| —& — a C
-y
where &y is the Kronecker delta. Substituting Eq. (S30) into Eq. (S29) yields the
following equation:
Ofgpem X, ) A, acj &ac) ) of
= —&c" |—=.
e P ;¢“ ~ oc ac' g‘%z Zk:ack ac) (S31)
According to Eq. (S31), the following expression is derived:
(P fhem) O hem oc) _mac) o |
oo e TS f°“9m+z¢ Z oc’ Zac" ol (S32)

Furthermore, based on the definition of fc,em, EQ. (S8) can be rewritten as

31



o(p 1y o) ¥ of
Alen). (303 543500 |

K oc
_ N 3 < acojl S acojz k afa
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_Za:¢“[f“+ j Eac ZZ ac) ack }
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é&

J

Substituting Eq. (S33) into Eq. (S28) yields Eq. (14). Alternatively, Eq. (S8) can be

transformed as follows:

(2 epem ) N &(ac) <wac) | |ef
———=f + ., Zra N ok | Za
ac’ chem ;‘é ac' Zak ac

N

a

QR

j k €
e, k@f 80
%ZJ:ZC ac) ack

k

- fchem +Z¢ @CJ 60 —+
(S34)

= fehem +Z¢a Z¢azc

_ chem k chem
- chem +Z

This equation provides the definition of the chemical potential 4.
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S3. Derivation of the partial derivative of ¢/, with respect to ¢

The derivation of the partial derivative oc, / &¢' in a multiphase—multicomponent

system is presented. The following two vectors are defined:

.
[cl,cz,...cNC‘l]

C=
and

N
C, =[ci,c§,...cyfl] :

Using these vectors, the relationship in Eq. (3) can be expressed as follows:
N

Cc= Z%Ca .

a

Partially differentiating both sides of Eq. (S37) with respect to c yields:

< aoc,,

RPN
N

S1=443,

[24

M

where 1 is the identity matrix, and J,, is the Jacobian matrix, defined as

oct ocNe?

J, = : .. y
ocy oy
| act acNet |

Assuming local equilibrium at the interface, the parallel tangent law yields the

following relationship:
Vi (¢)=Vf,(cy)=---=Vfy(cy).

For any two arbitrary phases « and g, the following relationship holds:
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Vi, (G )=Viz(cy)

0 0
@gia (Ca):EVfﬁ (Cﬂ)

0 oc 0 oCy
@gwa(ca)-a—g:@wﬁ(cﬂ)-g, (S41)

a

QHa‘Ja:Hﬂ‘]ﬂ
_ -1
<Jz=HgH,J,

where H is the Hessian matrix, defined as

021, 021,
ac. ack actache
o= : .
0’ f 0’ f (542
| achtac, T acNeTaNe T |

Substituting Eq. (S41) into Eq. (S38) yields
N

N
=) ¢y(HF/H,I, gsHGH, I,
;ﬂ( B ) ;(/3 ﬁ) (843)

Rearranging this equation leads to the following expression:

{Z%Hﬁ } : (S44)

The partial derivatives for the first N.—1 components are determined by calculating the
Jacobian matrix via Eq. (S44). The elements for the Ncth component are obtained from

the following relationships:

ace Sac

ac! acl” (S45)
ac! = ac

ot Lol (S46)
and
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ocNe et Lt pci (S47)

S4. Preliminary study to determine the outer penalty magnitude

To determine the appropriate magnitude for the outer penalty coefficient, simple 2D
simulations were performed. As shown in Fig. S2(a), an equilibrium circular phase was
placed within the computational domain. The outer potential coefficient was defined as
W, and simulations were performed for 1 x 10° computational steps under five
conditions: W, =W, 10W,, 100W,, 1000W,, and 10000W,,.

Figure S2(b) shows the profile of palong the white dashed line in (a). The case with
W5¥=10000 W, resulted in numerical divergence and is therefore excluded from the
plot. Conversely, for ;" = 100W,, 1000W,, the overshoot of p was sufficiently
suppressed. Based on these results, we adopted 5" = 100W,, in this study as a value

that effectively minimizes overshoot without inducing numerical instability.

(b)

09%85—32 "3 38 40
Grid point

Figure S2. Preliminary examination to determine the coefficient of the double-well

potential in the regions p <0 and p> 1 (a) Initial state for the simulation, (b) Profiles of
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palong the white dashed line in (a) obtained after 1 x 10° computational steps

simulation using w;" = W,, 10W,, 100W,,, and 1000W,..
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